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Abstract. We present a dimension-independent algorithm for non-uniform meshing of voxel
geometries, e.g. stemming from segmented medical images.
The basic algorithms uses spacetrees (generalized octrees for arbitrary dimension) to build
a hierarchical representation of the image information. The resolution of the spacetree can
depend on several parameters, such as homogeneity of the material, or application dependent
criteria. Arbitrary Cartesian refinement rules can be used, in addition to the usual isotropic
binary refinement. This is particularly important for images with anisotropic voxel sizes. Also,
the balancing level can be freely chosen.
In a second stage, a non-uniform simplicial or hybrid mesh is generated with guaranteed
element quality. Again, this part is completely dimension independent.
In order to achieve smooth material boundaries, we introduce the marching simplices algorithm for 2D and 3D. Marching simplices generalize the Cartesian volumetric marching tetrahedra method to general simplicial meshes. Our algorithm also handles cases where the separating
surface passes through mesh vertices. This avoids degeneracies and allows one to shift vertices
to the surface where appropriate, thus significantly reducing the number of cut simplices.
The implementation of the algorithmic components makes use of generic programming to
maximize reuse, flexibility and composability. We strive for maximal independence of algorithmic components, thus paving the way toward a meshing toolbox which allows to build mesh
generators adapted to particular applications. For example, in the context of maxillo-facial
surgery simulation special mesh generation options can be applied to the vincinity of cuts.
Mesh generation for large models can require large computational resources. The algorithms
described here lend themselves to parallelization, which is planned for the near future. Meshing
of large geometries is a good candidate for a Grid service, which is currently under development.
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1

INTRODUCTION

In mesh generation literature, it is common to assume an exact, unambiguous definition of
the geometry which has to be represented or approximated with a mesh. This sounds like a
reasonable precondition for input to mesh generation algorithms. However, in many fields, such
exact geometry definitions are not a priori available. For example, in a medical context, images
of different dimensions (2D, 3D, 4D) are the predominant source of geometric information,
for example generated by computed tomography (CT), magnetic resonance imaging (MRI),
cryosection, or ultrasound imaging. In general, these images do not contain an explicit and
unambiguous description of the underlying geometry, and are thus not directly accessible for
meshing. Instead, they contain continuous (albeit quantized) gray-scale or color values, typically describing the average of some physical quantity over small sampling volumes (“voxels”).
These images are themselves only a (often noisy) approximation to the real geometry. But
things get worse. The process of transferring the continuous information into discrete geometry
information is called segmentation: Each voxel of the images gets assigned a unique material.
Segmentation is a difficult task which in general still withstands complete automatization, and
falls outside the scope of this paper, however relevant it is for our goal. Segmentation, on
the one hand, adds some information by attributing material labels to geometric locations.
On the other hand, the segmented image alone contains less geometric information than the
original image, because a (more or less) continuous variable has been replaced by a discrete one.
Therefore, the exact geometric locations given by such a segmented image have to be taken
cum grano salis, they are only valid within some tolerance. Thus, a good meshing approach
for the kind of geometry represented by segmented images should be open for any type of
additional information which could help to make the results more accurate, and may contain
other volumetric information like anisotropy direction which can be exploited.
Nevertheless, segmented images provide a good starting point for mesh generation. We will
identify such images with cell-labeled Cartesian grids. On the level of segmented “images”, it
is no longer important where the image comes from, nor whether it is an “image” at all: The
only important property is its finite number of regions (corresponding to “materials”) defined
as sets of cells (corresponding to “voxels”) of a Cartesian grid.
Formulating algorithms on top of the Cartesian grid view relieves us from the details of image
processing and opens a number of additional sources of geometric information, for instance isoranges of analytical functions or “voxelized” B-rep geometries [19]. The question where the
boundary of the geometry “really” is will re-occur in Section 3 when we want to improve the
approximation of the boundary.
The Cartesian structure of the geometry representation lends itself to exploitation. In the
case of non-uniform mesh generation, octrees (or quadtrees in 2D) immediately impose themselves as appropriate intermediate data structures controlling mesh resolution. A closer look
reveals that most issues related to a hierarchical Cartesian space partitioning can be formulated in a completely dimension independent way. Therefore, we prefer the term (Cartesian)
spacetree [1] instead of octree/quadtree; we will try to give dimension-independent presentations whenever possible. In section 6 we will discuss issues related to dimension-independent
implementation.
Our meshing approach consists of several stages, which we try to keep as independent as
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possible in order to achieve maximal flexibility and extensibility. As a matter of fact, many
applications e.g. in computational medicine require ad-hoc mesh manipulation, e.g. adding
specific boundary conditions, cutting meshes in surgery simulation, or dealing with multiphysics phenomena requiring hybrid meshing approaches. These needs are best met by creating
specialized mesh generators using a general meshing toolbox. In this paper, we describe some
of the basic components of such a toolbox, and also briefly discuss a programming approach
striving for truly reusable implementations of such meshing algorithms.
The first step in the meshing process is the creation of a spacetree representation from the
Cartesian geometry (Sec. 2.1). After optional spacetree filtering such as balancing, it can be
tessellated into various types of meshes — tetrahedral, hexahedral with hanging nodes, or hybrid, combining hexahedra, pyramids and tetrahedra (Sec. 2.3). The result is a non-uniform
mesh with axis-parallel boundaries. Now, keeping in mind that the Cartesian geometry is just
an approximation of a “real” geometry with presumably smooth boundaries, we can try to
approximate these smooth (but unknown) boundaries somewhat better. In general, the only
thing we know about these “real” boundaries is that they separate the voxel (centers) in the
same way as the Cartesian approximation (assuming the segmentation is correct, which is a
questionable assumption in practice). Therefore, the question naturally arises how to approximate these boundaries. The “best” answer depends on the specific situation, and on the
amount of additional information available. A rather general assumption is that the interface
between two materials can be modeled locally as the iso-surface of a continuous or even smooth
separating function. For this case, we present in Sec. 3 a volumetric variant of the marching
tetrahedra algorithm, which we call marching simplices in order to underline dimension independence of the basic idea — the dimension dependent parts are detailed for 2D and 3D.
In a first attempt, we explore trilinear interpolation of the binary voxel values as separating
function. This choice results in some vertices having exactly the iso-value 0. In order to deal
with this situation, we extend the case analysis with patterns where the zero-level goes trough
some of the tetrahedral vertices (Sec. 3.2). These cases are also handy in the general case of
an arbitrary function because they allow to move vertices to the iso-surface instead of cutting
(Sec. 3.3). The non-uniform tessellation algorithm and — in the case of a d-linear interpolation of a binary classification as separating function — also the marching simplices algorithm
guarantee minimum cell quality (Sec. 4). Preliminary studies show that in the general case, the
combined cutting and shifting approach also yields good element quality. In Sec. 5 we present
some examples from medical applications. Issues related to implementing a meshing toolbox
with maximal reusability and flexibility using generic programming and a generalized pipe &
filter architecture are discussed in Sec. 6. Finally, we outline further plans for continuing this
work and discuss possible future research directions.
1.1

Related work

Quadtrees and octrees have been used for mesh generation since about two decades [36,
25]. Buratynski [8] uses an octree-based approach similar to ours to mesh 3D CAD models
with internal boundaries, cutting the octree and the geometric model before triangulation, and
using more complicated case analysis afterwards. Schroeder and Shephard [23] use octrees and
subsequent local Delaunay mesh generation for CAD data. In order to avoid degenerate cases
and ensure consistency across octree cells, they employ a modified version of Watsons original
3
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algorithm [34] with a sophisticated ordering of point insertion, suitable for balanced octrees. It
is however not clear how to generalize the ordering to unbalanced octrees or different refinement
patterns. Bern et al. [2] use quadtrees for guaranteed quality mesh generation of point clouds in
2D. Mitchell and Vavasis [17] use octrees for guaranteed-quality triangulation of 3D polyhedra
with holes. In our opinion, the use of polyhedra as the representation of the geometry leads
to a more complex case analysis than is really needed in the context of medical image data,
as it does not exploit the approximate nature of the internal and external boundaries in this
context.
In the context of mesh generation from medical images, Müller and Rüegsegger [18] use a
uniform Cartesian grid in order to generate meshes of high-resolution CT images. They develop
a volumetric marching cubes algorithm with appropriate extension of the case analysis of the
original algorithm [16]. Nielson and Sung [20] use a regularly triangulated Cartesian grid,
obtaining a volumetric marching tetrahedra algorithm to generate FEM meshes from medical
image data. Both do not consider the zero-vertex case. Hartmann and Kruggel [13] use octrees
to build a hierarchical representation of the images first. Simple octree cells (e.g., those with 8
nodes) are subdivided into tetrahedra, while complex cells (those with more than 8 nodes) are
tesselated using a modified Delaunay algorithm on this cell. However, details are missing how
a consistent tesselation across facets is achieved.
Another popular method is to first generate meshes of the material interfaces, and then
use some sort of constrained (Delaunay or advancing front) meshing of the resulting polyhedral
model [9, 29]. This has the drawback of being more time-consuming in practice, and imposes the
generated surface mesh as an artifical, unnecessary constraint on the volume mesh generation,
which moreover is limited to tetrahedra. Also, the link to the original volumetric representation of the geometry (image) is lost, which might contain additional information, such as
material properties or anisotropy directions [35]. As the machinery needed for generating the
surface mesh is very similar to that one presented here for volume meshes (which can easily
be restricted to surface mesh generation and thus in principle also be used as preprocessing
step for the surface-based volume mesh generation), the question arises why not generate volume meshes directly, and use the more complex approaches only to resolve special situations,
e.g. triangulating a transition region for hybrid meshing. An advantage of the surface-based
approach can be the superior quality of elements near the boundary. In our experience, using
a combination of vertex snapping and smoothing also yields good quality elements near the
boundary, whereas the quality of interior elements is always very good.
2

THE NON-UNIFORM MESHING ALGORITHM

The basic non-uniform meshing algorithm works in two main steps: First, a hierarchical
representation of the geometry (i.e. image) is built, resulting in a spacetree, which determines
mesh resolution. The leafs of this spacetree may already be regarded as a non-uniform mesh,
having non-conforming d-cubes as cells (or alternatively, irregular cells having more vertices
then a d-cube), see Fig. 1 (right). In a second step, this spacetree can be tessellated into a
conforming mesh, resulting in either a triangulation, or a hybrid, hex-dominant mesh.
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Figure 1: Spacetree generation in 2D. Left: Original image, middle: image subsampled to 2 × 2 voxels, which
corresponds to finest resolution of the spacetree, right: generated spacetree. We can regard the leafs of this
spacetree as a mesh in several ways: Either a mesh with axis-parallel quads as cells and two hanging nodes
(non-conforming leaf grid), or as a conforming mesh containing two cells with five nodes (conforming leaf grid).

2.1

Building a hierarchical geometry representation (spacetree)

The geometry is assumed to be described by a d-dimensional segmented image, or equivalently, by a Cartesian grid I together with a characteristic function χ defined on the cells of I
(which correspond to image voxels). χ maps each cell uniquely to a material type, i.e. a value
in a small discrete set of labels, thus defining a partition of the set of Cartesian cells. Mesh
generation will in general restricted to specific materials, forming a body of interest (BOI).
This base grid I is transformed into a grid hierarchy or spacetree S = (I0 , . . . , Ik ) , which
may or may not contain I, depending on the resolution wanted — in Fig. 1, I is not contained
in the spacetree. Initially, the spacetree consists of a grid I0 which must be a suitable coarsening
of I with respect to some refinement pattern (cf. Fig. 2) — usually, one uses a 2d pattern, such
that a refinement step (split) bisects a cell in each coordinate direction, resulting in 2d children.
Unlike a classical octree, I0 can otherwise be arbitrary — in particular, it does not need to be
a single cell.

Figure 2: Left: Spacetree balanced to two levels maximal difference, using a 2x2 refinement pattern. Right:
Unbalanced spacetree, 3x3 refinement pattern. In both cases, a binarized analytical function was used as a
“virtual” image.

Now we look at each cell of the currently finest level of S, and see whether it is too large
and has to be split. The decision can depend e.g. on geometric location, material or material
boundaries contained within the cell, and other, application specific criteria. The splitting may
lead to cells which are even finer than the original cells of I, if one uses a special geometric
criterion for refining a particular region.
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2.2

Balancing the spacetree

If needed, the spacetree may be balanced by prescribing a maximal difference in the size
of two adjacent spacetree cells. Typical is a difference of 1. Higher values allow for smaller
spacetrees, but result in worse element shapes. In our implementation, the balance level can
be set to any value (cf. Fig. 2), and future versions will support a much finer local control of
balancing, depending on material and geometric location.
2.3

Tessellating the spacetree cells

Although the spacetree itself constitutes a valid mesh which can be used e.g. for speeding up
visualization or even for finite element simulations (see [1] for an approach to handling hanging
nodes), one often wants a conforming mesh.

P
P P
P

P

P

(a)

(b)

(c)

(d)

Figure 3: Spacetree tessellation in 2D. (a): Pure midpoint insertion algorithm. (b): Template variant. The
additional nodes on the boundary of the left upper and right lower cell trigger the insertion of midpoints in these
cells. For the cells in the lower left and upper right, either template subdivisions are used for a simplicial mesh
(b), or they are left as is for a hybrid mesh (c). Cells marked with P are pyramids. (d): Extended template
variant: Also some non-regular cells are meshed by a template.

Therefore, the d-cubes which are spacetree leaf cells have to be tessellated in a consistent
way, that is, tessellations must match across spacetree facets. This is simple in the case of a
uniform spacetree, i.e. all cells have the same size. In this case, we can either output the cubes
themselves, or adopt a simple scheme for subdividing the spacetree cells into simplices (see
Figure 4).
In the case of a non-uniform spacetree, the situation is more complicated. Some possibilities
are:
1. Keep only the spacetree vertices and perform a global Delaunay triangulation, eliminating
simplices outside the BOI afterwards
2. Apply a Delaunay triangulation to each cube and its vertices separately, trying to ensure
matching edges across cube faces afterwards
3. Perform a direct triangulation of each cube which guarantees conforming meshes
We believe that the first two approaches using global or local Delaunay triangulations have
serious problems: The first approach guarantees a conforming mesh, but some work has to
be invested to remove superfluous simplices outside the domain, and to make sure that the
boundary matches. Also, there is the risk of producing very flat cells called slivers, which in
the concrete case at hand may even be degenerate, given the highly regular structure of the
6
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input. These problems make a robust implementation more difficult. The second approach
has the additional problem of having to assure conformity across cube facets, which is not
trivial [23]. Prescribing the triangulation on the facets before triangulating the cubes would be
possible, but it is not clear whether the resulting polytopes are triangulable without Steiner
points.
Because of these problems, the third alternative has been pursued. We developed a direct
triangulation algorithm similar to that described by Bern et al. for point clouds [3] with the
following useful properties:
• It runs completely locally, that is, it considers only the nodes of the current spacetree
cell, and is therefore suited for parallelization, and easy to restrict to arbitrary regions
• It guarantees consistency across spacetree cell boundaries
• It works for any number of maximal level difference of the spacetree, in particular for
unbalanced trees
• It guarantees a minimum quality of the resulting tetrahedra, the concrete bounds depending on the balancing level of the spacetree
• It is purely combinatorial, therefore independent of possible geometric transformations
and absolutely stable
• It is very efficient (linear in the number of nodes)
• It can easily be extended to create hybrid (cube-dominant) meshes
• It works for any dimension
The main idea of the tessellation algorithm is recursive: If we have a (simplicial) subdivision
of the boundary facets of a spacetree cell, we get a (simplicial) subdivision of the spacetree cell
itself by connecting its midpoint with the boundary simplices (or more generally, the boundary
(d − 1)-cells), see Figure 3 for the 2D case (upper left and lower right cell). For the boundary
facets themselves, we can apply the same idea recursively. This tessellation is evidently consistent across facets, because the subdivision of a facet depends only on the data of the facet,
namely, its boundary nodes.
A hybrid subdivision which tries to retain as many d-cubes as possible while producing
a conforming mesh is obtained, if each k-cube is tesselated if and only if at least one of its
(k − 1)-facets has been subdivided. In this case, the midpoint of the k-cube is added, and it is
connected to all boundary (k − 1)-facets. This approach creates d different element types in d
dimensions: squares and triangles in 2D, cubes, pyramids and tetrahedra in 3D, and in general
elements combinatorially equivalent to the polytopes
!
k
d
[
X
Pk = conv {0} ∪
j ej | j ∈ {±1} ∪
{ej }
1≤k≤d
(1)
j=1

j=k+1

with the unit vectors ei ∈ Rd . Here, Pd is equivalent to the d-cube, and P1 is equivalent to the
d-simplex.
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Figure 4: Left:Template subdivision of a cube (regular spacetree cell) into 5 tetrahedra. Middle: Midpoint
subdivision of a non-regular spacetree cell. The left facet is subdivided according to the midpoint rule, whereas
the right and top facets’ subdivisions use a template. Right: Extended template, needing no additional node.

2.4

Reducing the number of inserted midpoints

For simplicial tessellations, it would be a waste to insert midpoints in every case. Therefore,
the rule can be relaxed as follows: If a spacetree cell is regular (i.e. there are no additional
nodes on its boundary), then use a template subdivision without new midpoint node, else use
the midpoint rule. This relaxed rule is applied recursively to the boundary of cells: A facet of
a cell is only subdivided by the midpoint rule if there are additional nodes on its boundary. In
3D this means that a single additional node on an edge first triggers midpoint insertion of the
(not yet subdivided) incident facets and then that of the incident cells, see Figs. 4 middle and
5.
The template subdivision of both spacetree cells and facets can (at least in 2D and 3D)
be chosen in such a way that a consistent tessellation on both sides of an spacetree facet is
guaranteed. It is a generalization of the subdivision of a 3D Cartesian grid, where each cell
is subdivided into 5 tetrahedra in an alternating, checkerboard way. This subdivision of the
Cartesian cells also defines a subdivision of the Cartesian facets, in a way that depends only on
the Cartesian (integer) coordinates of the facet. As each level of the spacetree is a Cartesian
grid, we can apply the subdivision rule implied by this Cartesian grid to the spacetree facets of
the appropriate level. Thus, each spacetree facet has a uniquely defined triangulation, which is
consistent with the template subdivision of incident spacetree cells. This is important if cells
with template and with midpoint subdivision are adjacent, see Figs. 4 and 5 right (the rear
lower cell is subdivided by a template).
We can drive the template approach further by introducing additional templates for frequently occuring patterns with few additional nodes, see Figs. 4 right and 3 (d). However, the
additional logic tends to get more and more complicated, whereas the additional benefit tends
to zero.
The template approach can probably be extended to higher dimensions, but this has not
been investigated by the author. In any case, it is possible to reuse already developed lowerdimensional templates for cube boundaries. If we always use midpoints to tesselate d-cubes,
we may stop spacetree refinement at one level coarser than necessary, because the finer level is
effectively created via midpoint insertion anyhow.
3

THE GENERALIZED VOLUMETRIC MARCHING SIMPLICES ALGORITHM

The basic algorithm for non-uniform mesh generation creates grids with ‘staircase’ boundaries, parallel to coordinate planes. While — strictly speaking — the segmented input voxel
image does not provide more geometric information, the underlying geometry typically has
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Figure 5: Non-uniform subdivisions in 3D. On the right, the rear half of the mesh is shown. The vertex on
the middle of the upper middle spacetree edge triggers insertion of midpoints in the incident spacetree facets
and cells, e.g. the rear upper spacetree cell. Here, 15 additional nodes are inserted. If the extended template
approach for facets is used, only 6 additional nodes (cell centers) have to be inserted; if in addition the 3D
template of Fig. 4 right is used, only 3 nodes have to be added. (Images have been generated by GMV [21],
following a cell shrink filter [6].)

smooth boundaries. In order to achieve a better representation of such smooth boundaries, a
generalized variant of the volumetric marching tetrahedra algorithm [20] has been designed and
implemented, working for arbitrary triangulations.
The basic idea of this algorithm is to cut tetrahedra at the “smooth” interface between two
materials. The core algorithm can cope with arbitrary triangulations, in particular those arising
from the non-uniform tessellation algorithm. Thus, it can be used to post-process any given
triangulation in 2D or 3D, for example to cut out a given geometry. Also, the algorithm allows
cuts to go through existing mesh vertices, which is very useful for avoiding small features and
coping with “degenerate” situations (which now are not degenerate any more).
We have restricted ourselves to the case of exactly 2 materials (regions) M1 and M2 which
have to be separated. In this case, the boundary between the two materials can be modeled
as the zero-surface of a continuous function f . For the multi-material case, the approach has
to be extended, for instance by using a vector-valued probabilities for affiliation of vertices to
regions, along the lines of [7] or [14, 28, 27]. This is work in progress.
Several problems have to be solved, in order to implement the simple idea of cutting simplices:
1. Starting from the binary cell classification, we have to define a smooth separating function
f , with f (x) < 0 ⇔ x ∈ M1 , f (x) > 0 ⇔ x ∈ M2 , and f (x) = 0 ⇔ x ∈ M 1 ∩ M 2 .
2. Given the function f , simplices have to be cut where f = 0, and both halves of cut
simplices have to be triangulated in a way consistent with their neighbors.
3. The cut surface must be in the interior of the mesh, that is, in the case of smoothing the
outer mesh boundary, we have to create an additional outside layer of cells
4. A minimum quality of the resulting simplices should be guaranteed
Item 3 can be guaranteed in the spacetree framework by a simply tessellating an additional
boundary layer of cells outside the BOI. For arbitrary triangulations, it is more difficult. One
can try to extrude the mesh towards the outside, but care has to be taken not to create selfpenetration of the mesh. In the following, we will address the remaining issues.
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3.1

Constructing a separating function

The choice of a suitable separating function f is not straightforward. If we stick to the
“literal” information in the segmented image, we would have to define a function whose zerolevel is exactly the interface M 1 ∩ M 2 , which would of course result in the same staircase mesh
as before. Incidentally, in this case, our algorithm would indeed not cut a single cell, thanks to
the handling of zero-vertices.
A simple way to get a separating function is to average cell values on their incident vertices
by using d-linear interpolation. Defining f˜ on I0 on cell centers c by f˜(c) = −1 if c ∈ M1 and
f˜(c) = +1 if c ∈ M2 , we can use the dual grid with nodes at the cell centers to (d-linearly)
interpolate these values on the vertices of I0 , which include those of the triangulation, and
hence have arrived at a continuous separating function.
The d-linear approach is certainly far from optimal for smooth data, and alternatives are
investigated. Smoothing of the binary voxel data by using e.g. a Gauss filter may cause small
structures to disappear or not have the desired effect [12].
Other choices might be to use higher-order interpolation, or to try to fit analytical functions
to the data, for example minimizing some curvature measure. See Fig. 6 for the difference
this may make. An analytical function provides us with a gradient field normal to the surface,
which can be used e.g. to project vertices to the surface (see Section 3.3).
If the geometry comes from a continuous gray-scale image, we could also try the original
voxel values as function values. Due to imaging inhomogenities, there is often no single global
threshold value separating a material from the rest of the geometry. Thus, additional information on the local threshold must be obtained, for instance from the segmentation algorithms.
If such information is available, it can be used to achieve sub-voxel accuray of the boundary
location [31].

(a) Analytical

(b) Trilinear

(c) Analytical, snap
0.3

(d) Trilinear, snap 0.3

Figure 6: Analytic vs. trilinear separating function for meshing a 3D ball using volumetric marching simplices,
with and without vertex snapping (see Sec. 3.3). Trilinear separating function based on binary voxel data does
not result in satisfactory approximations for smooth underlying surfaces

3.2

Cutting the tetrahedra

Given a separating function f , we can classify each vertex as (a) positive (> 0, above
threshold), (b) negative or (c) zero, and each edge as either (a) positive (all vertices ≥ 0), (b)
negative, (c) cut (one vertex > 0, one < 0), or (d) zero (both vertices = 0). Only cut edges
(case (c)) are split by inserting a cut vertex.
The case where vertices have a value exactly zero may seem to occur with probability zero.
This is only true if the underlying function f is “generic”. If f is derived via interpolation from
10
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α
0.0
0.1
0.2
0.3
0.5
10x10x10 grid
edges cut
303 192 108
45
0
total cells 6485 5960 5531 5210 5000
new cells
1485 960 531 210
0
surf. facets 532 388 264 186 135

α
0.0
0.1
0.2
0.3
0.5
20x20x20 grid
edges cut
1212
858
303
177
0
total cells 46369 44446 41479 40894 40000
new cells
6369 4446 1479
894
0
surf. facets 2278 1726
892
738
552

Table 1: Differences in additional elements for different vertex snapping parameters α (see Sec. 3.3), using an
analytical separating function on two grid sizes (cf. Fig. 6 left column). α = 0 corresponds to no shifting at all,
and α = 0.5 corresponds to shifting for each edge (and cutting no simplex). Shifting vertices to the boundary
does reduce considerably the number of cells, and for values of α up to approx. 0.35 also significantly improves
cell quality, see table 2.

a binary labeling of underlying Cartesian cells, these cases will occur (in fact, there will only
be a small number of different possible vertex values). Thus, it is indispensable to consider this
situation up-front. Handling these situation can also be used to avoid very small edges in the
general case, by declaring a vertex ‘zero’ below a certain threshold, see Sec. 3.3.

−
0

−
−1/2

+

−
+1/2

+

−
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+1

−

−

−1

−
0

−
0
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−
−1/2
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(a) Using d-linear functions as separating function. Shown
are cell values (+/−), interpolated vertex values and cut
surface (red, thick line).Dotted lines are dual grid used for
interpolation of cell values on vertices.

(b) The 2 essential cases for
2-dimensional marching simplices
(blue positive, red negative, yellow
zero vertex).

Figure 7: Marching simplices in 2D

Given the vertex classification, each simplex can be classified by a tuple (n+ , n0 , n− ), where
n+ , n0 , n− are the number of positive, zero, and negative vertices, respectively. In 2D, the
situation is rather simple, leading to 2 essential cases needing subdivision (Fig. 7(b)). In 3D,
we can distinguish 5 essential cases (counting symmetric ones only once), 4 of which need
splitting (see also figure 8):
1. n+ = 0 or n− = 0:
(a) n0 < 4: This is the trivial case, the tet does not need splitting
(b) n0 = 4: Still we assume no splitting is needed, but we cannot deduce from the
vertex values which material the tet has. In our case, we use the material label of
the underlying spacetree cell. This situation is typical for a tet spanning a small
“finger” of the material. However, if subsequent smoothing is planned (see Sec. 3.4),
we better avoid such a situation by refining the simplex.
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2. (3, 0, 1), (1, 0, 3): The isosurface cuts off one corner of the tet, resulting in one tet and one
prism.
3. (2, 0, 2): The isosurface separates 2 opposite edges, one positive, one negative. The cut
results in two prisms.
4. (2, 1, 1), (1, 1, 2): The isosurface cuts off a tet through the two cut-vertices and the zero
vertex, resulting in one tet and one pyramid.
5. (1, 2, 1): The isosurface passes through the two zero vertices and the cut vertex, dividing
the tet into two new tets.

case 2: (1, 0, 3)/(3, 0, 1)

case 3: (2, 0, 2)

case 4: (1, 1, 2)/(2, 1, 1)

case 5: (1, 2, 1)

Figure 8: Essential cases for vertex signs in 3D: Blue (dark) is positive, red (gray) is negative, yellow (light) is
zero. The new triangulation edges are also shown, assuming the “smallest” vertex is always the right front one.

In the case of prisms or pyramids, which must be subdivided if we want a purely tetrahedral
mesh, we have to ensure that the neighboring cell (which will also be a result of a subdivided
tet) is subdivided in a compatible way. This is guaranteed if the the subdivision of facets is
determined by the properties of the facet itself, without referring to the incident cells. As
some subdivisions of a prism surface exclude tetrahedrization without Steiner points, we must
find such a facet-based subdivision rule which still allows tetrahedrization of the incident cells.
Fortunately, there is such a rule [20]: If we impose an (arbitrary) total order on the original
vertices of the mesh, we choose in a quadrilateral face always that diagonal which is incident
to the smallest vertex. The smallest vertex of the whole prism will thus have two diagonals,
a configuration which always allows tetrahedrization. We can also use the smallest-vertex
diagonal in the case of a pyramid, as either choice of the diagonal in the quadrilateral face
allows tetrahedrization.
3.3

Avoiding cuts: Vertex snapping

If using an arbitrary function, intersections of edges may be arbitrarily close to an existing
vertex, and thus yield very thin elements. In order to avoid this, we can declare an intersection
to go through an existing vertex if any edge incident to it is intersected “too close” to the vertex.
In this case, the vertex is moved to the cutting surface, and no incident edge is intersected any
more, reducing the cutting of simplices incident to this vertex. We should however avoid to
move all vertices of a simplex to the surface, as subsequent smoothing may lead to degeneration.
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The exact meaning of “close” can be defined in an application-dependent way. A practical
way is to take the ratio of edge length and the minimal distance of intersection point to an
endpoint. If this is too small, the corresponding vertex should be moved to the cutting surface.
Threshold values α of about 0.3 result in quite good triangulations, cf. Fig. 6. A value of
0.5 (together with some tie-break rule which vertex to move) avoids cutting at all, but may
lead to ugly distortions. The rather simple threshold rule can be improved by deciding on a
case-by-case basis whether cutting or shifting is more appropriate.
α
n=2
3
5
10
20
40
60

0.01
1.97
8.31
14.13
8.71
21.62
37.89
54.54

0.1
1.97
3.73
5.03
7.66
8.42
9.02
10.71

0.2
1.97
2.67
2.89
4.01
4.06
5.08
5.13

0.33
1.97
2.67
1.96
2.63
2.84
3.51
3.60

0.37
1.66
2.67
1.96
2.32
2.59
52.97
81.30

0.4
1.66
3.40
2.74
13.96
29.69
79.55
83.75

0.5
1.66
8.05
4.20
11.21
1.6e6
1.1e5
2.0e6

Table 2: Worst measured element quality for different vertex snapping parameters for the example of Fig. 6
(a) & (c), using different grids sizes with n3 cells. The quality measure is the condition number of the linear
transformation to the equilateral tetrahedron [15], which thus gets quality 1.0. As an example, a tet spanned
by the scaled unit vectors e1 , e2 and ae3 gets quality values 2.5 (a = 0.25) and 5.8 (a = 0.1). Values for α of
approx. 1/3 yield good results.

3.4

Smoothing the mesh at boundaries

The surface vertices may be shifted in order get a smoother surface (assuming the underlying
geometry is smooth). Laplacian smoothing is often used [29]: Iteratively move each surface
towards the centroid of its adjacent surface vertices, controlled by a damping factor. However,
Laplacian smoothing results in an overall shrinking of the geometry. Strategies which avoid or
reduce shrinkage are found in [30, 33]. The SurfaceNets approach described in [10] combines
Laplacian smoothing, projection onto an smooth iso-surface and constraining vertex relocation.
Other strategies are related to getting smoother separating surface, such as fitting a smooth
analytical surface or using the gray values of the original image, and have been discussed in
section 3.1.
4

MESH QUALITY

Some of the algorithms described before guarantee a minimum quality of the resulting tetrahedra.
The non-uniform meshing algorithm does generate only a finite number of different tetrahedra, the worst-case quality depending essentially on the balancing level of the spacetree, cf.
figure 9.
If in the d-dimensional marching simplices algorithm, we choose the d-linear interpolation
as separating function f , it can take only values in the finite set
{i/2d−1 | −2d−1 ≤ i ≤ 2d−1 }

(2)

Thus, in this case, the marching simplices algorithm does generate only a finite number of
configurations, too. While a analytical investigation of the occurring cases has not been per13
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Figure 9: Worst cases in 2D for different spacetree balancing level L (gray triangles): L = 1 (top) and L = 3
(bottom). A balance level L = 1 results in perfect elements.

formed, preliminary numerical studies show that the quality of the resulting elements is mostly
acceptable, but may also be enhanced by snapping.
Using arbitrary separating functions, we can no longer distinguish a finite number of cases.
Yet, using a vertex snapping extension with a suitable threshold parameter α, e.g. α = 1/3,
seems to largely avoid bad elements in practice, see Table 2. More detailed analysis and
experiments are required here, especially to see how the selection of the projection to the surface
influences mesh quality, and whether a case-by-case choice between cutting and snapping further
improves the situation.
Shifting the surface vertices in order to obtain smoother surfaces might be detrimental to
volumetric element quality. Subsequent volumetric Laplacian smoothing in the vicinity (leaving
the boundary unchanged) has proven to be useful.

Figure 10: Left: Mesh of human skull - finest resolution (1mm voxel size). The mesh has 4M cells, and was
generated using the volumetric marching tetrahedra algorithm with a trilinear separating function. Middle:
Same, after 20 iterations of surface smoothing. Right: Zoom of the spinal region (no smoothing).

5

EXAMPLES

The examples in this section stem from maxillofacial surgery support, a task occurring within
the EU IST projects SimBio [26] and GEMSS [11]. Maxillofacial surgery is trying to correct
inborn deformations in the mid-face (cf. Fig. 10) by cutting some bones and pulling face parts
into the “right” position. The ultimate aim is to be able to predict the outcome of this process in
14
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a reliable way, in order to develop a treatment plan [22]. Therefore, an accurate representation
of individual patients head geometry is crucial.
The data sets used can be quite large. A modern CT scanner produces images of patient
head with a resolution of about 0.5 × 0.5 × 1.0 mm, resulting in ca. 125 million voxels, a
substantial part of which represent actual material. It is out of question to produce meshes
at this global level of detail. However, for some regions and some applications, the finer the
mesh, the better. Thus, useful mesh resolution is only limited by available hardware, and
a fast and stable mesh generation process is crucial. In this respect, the approach we have
presented here is very efficient. A mesh with about one million cells using the marching simplices
algorithm is generated in well less than a minute on a standard PC. The limiting factor is rather
main memory and IO. Therefore, we investigate parallel mesh generation and distributed mesh
storage.
6

GENERIC IMPLEMENTATION OF A MESHING TOOLBOX

The old vgrid mesh generation software [32] used in the SimBio project [26] is currently
being replaced. A new mesh generation toolkit is designed as a generic library based on the
Grid Algorithms Library GrAL [5], which allows to develop reusable mesh based algorithms
independently of the concrete mesh data structures. Its aim is to provide general-purpose
meshing tools, which can be combined to solve application-specific mesh generation problems.
Thus, we can enjoy the best of two seemingly mutally exclusive approaches: On the one hand
very general algorithmic components with a broad range of application, and on the other hand,
tailor-made tools which allow to exploit the complete available set of additional, problem specific
information. More examples for this line of thought can be found in [4, 6].
The toolkit encourages development of mesh generators using a generalized pipe & filter
architecture: Typically, we are dealing with a chain of different data representations, from raw
images to segmented images to spacetrees to meshes (cf. Fig. 11). Some filters transform data
from one representation to the next (e.g. spacetree tessellation transforms a spacetree into a
mesh), while other filters act on a single representation, e.g. spacetree balancing, or marching
simplices.
In contrast to the pure pipe & filter approach [24], we can access all earlier stages at any
time; for instance, gray scale images can be used to improve the accuracy of the marching
simplices algorithm. Vice versa, we may fulfill requirements of later stages, e.g. by letting the
decision whether to refine a spacetree cell be driven by an estimate of how well a boundary
may be approximated by the marching simplices algorithm on the current level.
By using the generic programming paradigm promoted by GrAL, we achieve maximal
reusability — for instance, the marching simplices algorithm can be used for any (simplicial)
grid. Also, we achieve dimension-independent code as far as possible: Spacetree data structures and algorithms are implemented completely dimension-independent; thus, spacetrees can
be built e.g. for 4D images (time series of 3D images). Where dimension-dependent algorithmic
parts exist (e.g. the case analysis of marching simplices), they are hidden behind specialization
code which enables their transparent use from dimension-independent higher level code.
We make algorithms as flexible as possible by parameterizing their changeable parts. For
example, spacetrees may be instantiated with Cartesian refinement patterns of any size or userdefined refinement criteria, or marching simplices may use arbitrary separating functions, or
15
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Figure 11: Outline of the generalized pipe & filter design of the meshing toolbox

switch between volume and surface element generation.
Genericity also makes restriction of algorithms to substructures transparent, thus rendering
the implementation of hybrid algorithms practical: Use hexahedral meshes with hanging nodes
in one place, smooth boundaries using the marching simplices at a particular material boundary,
and a hybrid mesh to interface both. The free composability of algorithms can be used to
implement problem-specific behavior in a specialized mesh generator, for example interactive
support for cutting bones, which will operate on a partially constructed mesh, being able to
access all intermediate structures like spacetrees, but without polluting the generic algorithmic
components.
7

CONCLUSION AND OUTLOOK

We have presented the basis for a general and flexible mesh generation system for voxel
based geometries, which are predominant in fields like medical simulation. We introduced
a non-uniform, spacetree-based meshing algorithm for arbitrary dimensions with guaranteed
element quality, which is capable of generating both simplicial and hybrid meshes. Also, a
generalized volumetric marching simplices algorithm for arbitrary triangulations was presented
providing extended case analysis including zero-vertex cases, which allows to avoid cutting in
many cases. Thus, much less and better elements are created.
The algorithmic mesh generation toolbox outlined in Section 6 will be greatly enlarged in
future work. We plan to fit analytical separating functions to the data in order to achieve better
(smoother) approximations to material boundaries. We also plan to use the original images
where available for achieving sub-voxel accuracy. The toolbox will allow to combine different
algorithms at will, tailoring the best suited approach for each concrete situation.
The case analysis for the marching simplices algorithm will be extended to support more then
2 materials, which is crucial for multi-material simulations. More work is needed to investigate
the effect of vertex snapping on the mesh quality. The choice between vertex shifting and
simplex cutting could also be based on the achievable element quality. From our experience,
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vertex shifting has quite some potential for reducing the number of surface cells in pure surface
meshing, where it produces less and better elements.
As the generated meshes for real medical applications may contain several million cells or
more, parallel mesh generation becomes a necessity. We plan to parallelize our meshing toolbox,
exploiting the data-parallel nature of the basic algorithms.
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[9] J. Cebral and R. Löhner. From medical images to cfd meshes. In Proceedings of the 8th
International Meshing Roundtable, pages 321–331, 1999.
[10] P. W. de Bruin, F. Vos, F. H. Post, S. F. F. Gibson, and A. M. Vossepoel. Improving mesh
quality of extracted surfaces with surfacenets. In MICCAI, pages 804–813, 2000.
[11] The GEMSS project: Grid-enabled medical simulation services. http://www.gemss.de,
2002. EU IST project IST-2001-37153, 2002–2005.
[12] S. F. F. Gibson. Using distance maps for accurate surface representation in sampled
volumes. In Proceedings of the 1998 IEEE symposium on Volume visualization, pages
23–30. ACM Press, 1998.
[13] U. Hartmann and F. Kruggel. A fast algorithm for generating large tetrahedral 3d finite
element meshes from magnetic resonance tomograms. In Proceedings of IEEE Workshop
on Biomedical Image Analysis, pages 184–192, Santa Barbara, California, June 26–28 1998.
18

Guntram Berti
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